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a b s t r a c t

A complete theoretical treatment of photothermal deflection spectroscopy has been performed for the
measurement of thermal conductivities in an anisotropic medium. An analytical solution of three-
dimensional heat conduction was obtained by using 2D Fourier Transforms for an anisotropic material
irradiated by a laser beam. Thermal conductivity was determined by using the phase angle of deflection
at relative positions between the heating and probe beams. Excellent agreement between theoretical
Keywords:
Thermal conductivity
Anisotropic material
P

and experimental photothermal deflections was obtained. Also, the thermal conductivity in an arbitrary
measurement direction for anisotropic materials (Pyrolytic graphite) was measured.

© 2008 Elsevier B.V. All rights reserved.
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hotothermal deflection method

. Introduction

Photoacoustic and photothermal techniques have received
uch interest in their use for the determination the structural,

hermal, and optical properties of materials. Thermal properties of
aterials have been studied by various methods such as photother-
al radiometry, photothermal refraction, photothermal deflection,

nd photothermal displacement. In this study, we adopted the
hotothermal deflection method, which is called the probe-beam-
eflection method (mirage). This method requires no mechanical
ontact with the specimen, and thus thermal properties can be
easured without the limit of sample size. It was introduced by

ackson et al. [1] and has since then proved to be a useful tool in
he study of optical and thermal properties of isotropic materials.
lso, it has been applied in fields of nondestructive evaluations and
hotothermal imaging.

This method is based on the heating of the specimen by a mod-
lated beam (light source). The light source is converted into heat
nergy, which induces thermoelastic waves within the sample.
he heat flow on the sample surface produces a refractive index

radient in the adjacent medium. A second laser beam (probe
eam) is injected in parallel with the heated surface so that the
eam can be deflected by the mirage effect. The analysis of this
eflection leads to the determination of the thermal properties

∗ Corresponding author. Tel.: +82 31 219 2340; fax: +82 31 213 7108.
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f the sample. The three-dimensional deflection has been exten-
ively reported in previous research on isotropic media [1–5], but
nly a few papers have dealt with anisotropic materials. There-
ore, measurement techniques for anisotropic materials, as well as
heir accurate measurement of thermal properties, are necessary.

oreover, directional thermal property should be measured.
A three-dimensional heat conduction equation was derived to

escribe the thermal wave propagation in anisotropic media by Ira-
ani and Nikoonahad [6]. And mirage and radiometry method for a
rincipal conductivity system was studied by Salazar et al. [7].

In this study, we have obtained the solutions of a three-
imensional thermal conduction equation for anisotropic materials
y using nonsymmetric-Fourier transforms. A comprehensive
heoretical analysis has been carried out on the photothermal
eflection method in the measurement of thermal conductivities
or anisotropic materials. Also, the modulation frequency of the
eating beam, the thermal conductivity, and the angle between
rystalline direction and experiment direction was studied by para-
etric study. As an application, the thermal conductivity in an

rbitrary direction of an anisotropic material (Pyrolytic graphite)
as measured through the matching process between theoretical

nd experimental results.
. Theory and principle

We assume that the heating beam propagates through the sam-
le in the z direction, centered at the origin of the coordinate
ystem, as shown in Fig. 1. The probe beam deflection angle is

http://www.sciencedirect.com/science/journal/00406031
mailto:hyunkim@ajou.ac.kr
dx.doi.org/10.1016/j.tca.2008.08.004
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Nomenclature

a radius of the pump beam (m)
f modulation frequency (Hz)
k thermal conductivity (W/m K)
l thickness of sample (m)
n reflective index
P absorption energy (W)
Q heat source (W/m3)
q heat flux (W/m2)
qx, qy integration parameter
T temperature (K)
t time (s)

Greek letters
˛ thermal diffusivity (m2/s)
ϕ deflection angle (◦)
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� optical absorption coefficient (m )
ω angular frequency (s−1)

epresented by the well-known formula [1].

= −
(

1
n

)(
dn

dT

)∫
s

∇tT ds (1)

here n, T and�t denote, respectively, the refractive index, the tem-
erature rise, and the gradient transverse to the probe beam paths.

n order to solve Eq. (1), analysis of the temperature distributions of
he sample and the atmosphere at its periphery should be carried
ut. Then, the obtained temperature distribution equation is then
nserted into the Eq. (1), and the final deflection phase angle of the
robe beam can be obtained.

.1. Temperature distribution

To obtain an expression for the photothermal deflection, we
onsider a homogeneous and anisotropic infinite plate of finite
hickness (l) with stress-free boundaries, which is irradiated by a

inusoidally modulated laser beam of power that is incident nor-
ally to the sample surface [6,8,9].
The temperature distribution within the anisotropic sample is

iven by the solution of the following generalized 3D conduction

ig. 1. Schematic description of the geometrical configuration: The probe beam has
transverse offset X0 with respect to the pump beam.

d
T
t
f
t
a

w

T

Acta 477 (2008) 32–37 33

quation:

· {−→k × ∇Ti} − �c
∂Ti

∂t
= Qi (i = g, m, r) (2)

here T(x,y,z,t) is the temperature in the sample, k is the thermal
onductivity tensor, � is density, c is specific heat, and Q(x,y,z,t) is
he power per unit volume deposited by the heating beam. And the
ubscripts g, r indicate the front and rear gases of the specimen and
he subscript m represents the domain of the specimen.

The temperature and heat flux continuity conditions are

Tg(x, y, 0) = Tm(x, y, 0), qg(x, y, 0) = qm(x, y, 0),
Tm(x, y, l) = Tr(x, y, l), qm(x, y, l) = qr(x, y, l),

(3)

here

qm = −
(

k31
∂Tm

∂x
+ k32

∂Tm

∂y
+ k33

∂Tm

∂z

)
,

qi = −ki
∂Ti

∂z
(i = g, r).

Also, because the temperature of the specimen by the heating
eam rises very little, the heat transfer by convection or radiation
an be considered negligible.

The heat source would be the laser beam characterized by a
aussian intensity distribution and modulated with frequency (f).
he beam radius (a) is defined at the 1/e of the intensity and the
bsorption coefficient (�) is defined using the exponential law of
ight absorption. At the front and rear gas regions, light energy is
ot absorbed; therefore, the heat source is given by

m(x, y, z, t) = −
(

P

4�a2

)
e−�ze−(x2+y2)/a2

eiωt (4)

here the P represents the absorbed energy into the specimen
nd is decided by the output power of the heating beam and the
eflectivity of the specimen. The heat source Q(x,y,z,t) consists of
time-independent term and a term that always oscillates with
constant modulation frequency. The time-independent term is

ot considered since it does not have an effect on the phase of the
eflection and thus only the time-dependent term is considered.
he analysis of the heat conduction equation is simplified by the
ransformation of a periodic function of time into a steady state
unction. And to obtain the phase difference of the deflection angle,
he heat conduction equation, Eq. (2) is transformed into Eq. (5) by
pplying a complex method, as follows

k11
∂2T̃m

∂x2
+ k22

∂2T̃m

∂y2
+ k33

∂2T̃m

∂z2
+ (k12 + k21)

∂2T̃m

∂x∂y

+(k13 + k31)
∂2T̃m

∂x∂z
+ (k23 + k32)

∂2T̃m

∂y∂z

= iω�cT̃ −
(

P�

4�a2

)
e−�ze−(x2+y2)/a2

(5)

here

i(x, y, z, t) = T̃i(x, y, z) exp(iωt)
Applying 2D Fourier transforms to Eq. (5), the equations are

∂2�

∂z2
+ 	1

∂�

∂z
+ 	2� = 	3 e−�z (6)
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here

�i(qx, qy, z) =
(

1
2�

)∫ ∫ ∞

−∞
ei(qxx+qyy)T̃i(x, y, z) dx dy

	1 = −i{(k13 + k31)qx + (k23 + k32)qx}
k33

	2 = −{k11q2
x + k22q2

y + (k12 + k21)qxqy + i�cω}
k33

	3 = −
(

P�/8�k33

exp{(q2
x + q2

y)a2/4}

)
.

The boundary conditions, which are transformed by the com-
lex method and the 2D Fourier transforms, are

kg
∂�g

∂z

∣∣∣∣
z=0

= −i(k31qx + k32qy)�m + k33
∂Tm

∂z

∣∣∣∣
z=0

,

−i(k31qx + k32qy)�m + k33
∂�m

∂z

∣∣∣∣
z=l

= kr
∂�r

∂z

∣∣∣∣
z=l

,

�g|z=0 = �g|z=0, �m|z=l = �r|z=l.

(7)

Eq. (6) is the 2nd-order differential equation, and the solution
o this equation is written as Eq. (8). In addition, coefficients A1, A2,
, and C are obtained from the transformed boundary conditions,
q. (7).

g = B emgz, �m = A1 em1z + A2 em2z + F e−�z, �r = C e−mrz, (8)

here

F = 	3

�2 − �	1 + 	2
,

A1= (
 + m2 + �rmr)(
 − � − �gmg) em2 l − (
 + m2 − �gmg)(
 − � + �rmr) e−�l

(
 + m1 + �rmr)(
 + m2 − �gmg) em1 l − (
 + m1 − �gmg)(
 + m2 + �rmr) em2 l
F,

A2= (
 + m1 − �gmg)(
 − � + �rmr) e−�l − (
 + m1 + �rmr)(
 − � − �gmg) em1 l

(
 + m1 + �rmr)(
 + m2 − �gmg) em1 l − (
 + m1 − �gmg)(
 + m2 + �rmr) em2 l
F,

B = A1 + A2 + F, C = A1 el(m1+mr ) + A2 el(m2+mr ) + F el(mr −�),


 = − i(k31qx + k32qy)
k33

,

m1 =
−A1 +

√
A2

1 − 4A2

2
, m2 =

−A1 −
√

A2
1 − 4A2

2
,

mi =

√
q2

x + q2
y + iω

˛i
(i = g, r).

Using Inverse Fourier Transforms and the complex method, the
quations of the final temperature distribution are obtained as fol-
ows.

i(x, y, z, t) = eiωt

2�

∫ ∫ ∞

−∞
dqx dqy �(qx, qy, z) (9)

.2. Probe beam deflection

The rectangular coordinate is used to analyze the probe beam
eflection, as shown in Fig. 1(a). The deflection of the probe beam
aving a vector structureis comprised of the lateral (ϕl) and the nor-
al (ϕn) component. In this study, the lateral direction corresponds

o the Y-direction coordinate and the normal direction to the Z-
irection. The refractive index and the thermal coefficient index
re atmospheric values because the probe beam passes through air
bove the surface of the specimen. The deflection angles can be
ormulated for the lateral direction and normal direction, as shown
s Eq. (10), including the temperature variable (Tg) in the integral
erm [1].( )( ) ∫ ( )( ) ∫

l = − 1

2�n

dn

dT g s

∂Tg

∂X
dY, ϕn = − 1

n

dn

dT g s

∂Tg

∂Z
dY

(10)

4

c
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The two components of the probe beam deflection are obtained
s follows.

l =
(

1
2�n

)(
dn

dT

)
g

∫ ∫ ∫ ∞

−∞
dY dqx dqy emgZB(qx, qy)

×e−iX(qxcos �−qysin �) · e−iY(qxsin �+qycos �) · i(qxcos � − qysin �)

×ϕn = −
(

1
2�n

)(
dn

dT

)
g

∫ ∫ ∫ ∞

−∞
dY dqx dqy emgZB(qx, qy)

×e−iX(qxcos �−qysin �) · e−iY(qxsin �+qycos �) (11)

. Experimental apparatus

Fig. 2 shows the experimental apparatus and the schematic
ptical alignment. The pump beam, as the heating source, is a con-
inuous Ar-ion laser (Spectra-Physics 2210) of 488 nm wavelength
nd approximately 800 �m diameter, having a Gaussian intensity
istribution. The pump beam is modulated as sine waves using an
/O modulator (A.A. Sa, AA.MT. 80/A 1.5) controlled by a lock-in
mplifier (EG&G 5302). This modulated beam is controlled to make
he diameter of the beam about 110–120 �m.

The probe beam is a He-Ne laser (Newport 1123P) of 633 nm
avelength and 5 mW power. A specimen is located at a position
here it is normal to the pump beam, and fixed on the rotation stage
ith 1/60◦ resolution and on a linear stage with 0.5 �m resolution

o satisfy the parallel condition to the probe beam. The deflection
ngle is detected by a photoelectric position sensor (Hamamatsu
2044). After signals from the position sensor go through the first
mplifier, they are synchronized with a signal of the A/O modulator
n a lock-in amplifier to obtain the phase difference between the
wo signals.

The thermal conductivities are measured by the detection of the
hase difference between the pump beam and the probe beam at
ach relative position in 5–50 �m steps.

. Results and discussion

.1. Parametric study

The deflection and phase angle are generally used to determine
he thermal property of a material in the photothermal deflection

ethod. Here, the phase angle is defined as the phase lag between
he deflected probe beam and the pump beam (undeflected probe
eam). The deflection and phase angles are established through the
umerical integration of various relative positions. The deflection
ngle of the probe beam at the front-air region is largely influenced
y the modulation frequency (f), the thermal conductivity (k) and
he angle between the crystallographic axis and the experimental
xis. In addition, the refractive index, thermal expansion coefficient,
nd power of the heating beam in Eq. (11) affect the constants that
ncrease or decrease the amplitude of deflection.

The thermal conductivity in region m is set as an orthorhombic
ystem (k11 = 250 W/mK, k22 = 50 W/mK, k33 = 100 W/mK), and the
tmosphere is set as the medium in regions g and r. The thickness of
he sample is set as 1 �m; the radius of the heating beam as 100 �m;
he absorbed energy as 0.25 W; the vertical distance between the
robe beam and specimen as 20 �m; the modulation frequency as
00 Hz; and the angle between the experimental and the crystalline
.1.1. Temperature analysis
The variation of anisotropic properties such as the thermal

onductivity can conveniently be illustrated by a “representation
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Fig. 2. Experimental apparatus and optical

urface”. In many cases, this is an ellipsoid, as shown in Fig. 3. The
irection of heat flow in the orthorhombic anisotropic system is
o longer parallel to that of the temperature gradient, except in
he directions of the principal axes (which here, correspond to the
emi-axes of the ellipse). The direction of the heat flux is always
arallel to the normal to the tangential plane drawn at the point
t which the direction of the temperature gradient intersects the
epresentation ellipsoid; this is called the radius-normal property.

Suppose a three-dimensional temperature gradient, �T, lies
long a direction specified by direction cosines l, m and n, where,
or example, l is the cosine of the angle between the x-axis and
he temperature gradient vector. Then, the components of the tem-
erature gradient and heat flux parallel to the principal axes will
e

∇Tx = (∇T)l, ∇Ty = (∇T)m, ∇Tz = (∇T)n,
qx = k11(∇T)l, qy = k22(∇T)m, qz = k33(∇T)n,

(12)

here kxx, kyy and kzz are the values of the thermal conductivity
long the principal axes, x, y and z, and are called the principal

alues.

Hence, resolving back along the direction of the temperature
radient, the heat flux is

‖ = qxl + qym + qzn = (k11l2 + k22m2 + k33n2)∇T = keff∇T. (13)

t
a
m
o
f

Fig. 3. Anisotropic thermal conduc
ent for photothermal deflection method.

Thus, the value of the thermal conductivity (effective thermal
onductivity), keff, is defined as follows.

eff = k11l2 + k22m2 + k33n2 (14)

here the directional cosines in our measurement condition are
os �, sin � and 0, respectively.

The influence by the anisotropic ratio (k11/k22) on the tempera-
ure profile of the sample surface, T(x,y,z = 0) is investigated in Fig. 4.
f k11 = k22, the contour shape of the temperature profile is a circle,
nd the direction of heat flow is parallel to that of the temperature
radient. But if k11 /= k22, this section is an ellipse, and the direc-
ion of heat flow is no longer parallel to that of the temperature
radient, except in the directions of the principal axes (which here
orrespond to the semi-axes of the ellipse). Depending on the rel-
tive values of k11 and k22, the contour shape of the temperature
rofile is either a rugby ball shape (k11 < k22) or a Smartie shape
k11 > k22).

Fig. 5 shows the typical plot of a temperature distribution at

he surface obtained by using Eq. (9). There are some differences
ccording to the analysis condition such as thermal diffusivity, ther-
al conductivity, thermal expansion coefficient, reflectivity, and

ptical absorption coefficient, but the range of the temperature dif-
erence is from 2 to 5 K usually. Because the temperature increment

tivity (anisotropic ellipsoid).
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s very small, the measured value in this study could be considered
he thermal conductivity of room temperature.

Because the thermal conductivity of materials is high, the max-
mum temperature becomes smaller, as shown in Fig. 3. These
esults are due to the fact that the absorbed energy in the mate-
ial with high thermal conductivity diffuses faster than materials

ith relatively low thermal conductivity.

.1.2. Probe beam deflection analysis
To optimize the experimental measurement conditions, the

nfluences of parameters such as thermal conductivity, modula-

ig. 5. Temperature distribution for various thermal conductivities (fixed k11 and

33).

b
r
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ion frequency, and the angle between experimental and crystalline
irections were analytically studied with respect to the phase angle.

The representative signals obtained by the photothermal deflec-
ion method are the amplitude and phase of the deflection angle.
he measured signal in the normal direction is omitted because it
s accompanied by many errors in analysis, which are the result of
aving more noises than the signal in the lateral direction. And the

nfluences by modulation frequency and thermal conductivity on
he phase angle have shown a similar result [10]. Modulated fre-
uency and thermal conductivity are important parameters which
ffect the thermal diffusion length (=

√
k/�f�c). The decrease of

he modulation frequency or the increase of the thermal conduc-
ivity means an increase of the thermal diffusion length. As the
hermal diffusion length increases, the gradient of the phase of
he lateral component also decreases. The temperature gradient on
he surface decreases, and then, the amplitude of the probe beam
eflection becomes small. Consequently, the value of the phase dif-
erence becomes small at the same relative position. Therefore, the

easurable relative position becomes shorter.
Fig. 6 shows the calculated results for various angles (�)

etween the crystalline direction and the probe beam. As shown
n Eq. (14), the changes of the angle are proportional to those of the
ffective thermal conductivity (keff). The influence of the effective
hermal conductivity (keff) in anisotropic materials is similar to the
ffect of the thermal conductivity in isotropic materials. Therefore,
f the effective thermal conductivity in the measurement surfaces of
he samples is the same, the photothermal signal will be identical.

.2. Experimental results

In the present study, iron and copper of 99.9% purity were used
s isotropic materials to verify the theoretical results and the exper-
mental apparatus shown in Fig. 2. The thermal conductivity values
f iron and copper measured from experiments were 82.0 and
9.0 W/mK, respectively, and they were measured with accuracy
f less than 2.1% error as compare them with the literature values
11].

The PG (Pyrolytic graphite) as anisotropic material, which is
idely used for commercial objects, was chosen for experimental

pecimens. Fig. 6 shows the measured results of the phase angle
t various probe beam angles. The thermal conductivity ranges

etween 3 and 420 W/mK. The experiments were performed at
oom temperature (20 ◦C) and hence, properties such as density
nd specific heat corresponded to the values at room temperature.

Fig. 7 shows the experimental results which were obtained at
he same modulation frequency (f = 200 Hz) to determine explicitly

Fig. 6. Influence of each parameter � on the phase curve.
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ow the effective thermal conductivity changes with the variations
f the angle between the crystalline direction and the probe beam
experimental direction). In the cases of 80◦ and 90◦, the measured
ata showed a large deviation from the theoretical results after the
.3 mm relative position because the thermal diffusion length of
he specimen was less than that of the adjacent gas (air). Conse-
uently, the measured values in these areas had larger uncertainty
han those in the other areas.

The photothermal signal versus the relative position between
he pump and the probe beam along the sample is quite sensi-
ive to the changes in the thermal properties of the sample. The
egion where the measured and theoretical phase curves agree
ell extends from one quarter to three quarters of the minimum
osition. An effective thermal conductivity is determined by a
i-section method when the standard deviation between the exper-

mental and theoretical phase curve is minimized (The phase curve
s the same when the value of keff is the same, even if the values of

11 and k22 are different, as shown in the Eq. (14)). But if the value of

is 0 or 90, the value of keff can be obtained easily, because one of
he values of k11 and k22 will be zero. Also, the more measurements
or the various �, the more reliable the k11 and k22 will become. And

ig. 8. Measured thermal conductivity as the function of angle (�) between the
rystallographic axis and the probe beam.

0
E
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he uncertainty of the photothermal deflection method is 1.4%. The
ajor parameters are the radius of pump beam, vertical offset (rela-

ive distance between probe beam and sample surface) and sample
hickness.

Fig. 8 shows the effective thermal conductivities obtained from
ig. 7 for various angles �. The solid line is calculated by fitting the
xperimental values with Eq. (12), which is used to determine the
oefficients k11 and k22 of Eq. (12). The coefficient of determination
R-squared) between the measured thermal conductivities and the
tted curve in the whole range is 0.999241.

The thermal conductivities measured from this study are
20.5 W/mK for k11 and 3.5 W/mK for k22, and these results are

n the range of the literature values, from 240 to 1950 W/mK for k11
nd from 1.7 to 5.7 W/mk for k22 [7,12–14].

. Conclusion

In this study, we obtained the solutions of the three-dimensional
hermal conduction equation for anisotropic materials using
onsymmetric-Fourier transforms. The influences of the parame-
ers, such as the modulation frequency of the heating beam, the
hermal conductivity tensor, and the angle between the experimen-
al and crystallographic axes, were investigated. When the thermal
onductivity of materials was high or the modulation frequency
as low, the maximum value of the temperature decreased, and

he gradient of the deflection phase curve also decreased. Fur-
hermore, the changes of the measurement angle in anisotropic

aterials (the angle between a crystalline direction and probe
eam) result in the differences of the effective thermal conduc-
ivity.

The experimental configuration based on the theoretical analy-
is was verified to identify the thermal conductivities of isotropic
ure metals, and achieves the precise measurement within 2.1%
rror. The thermal conductivities for the commercial PG along crys-
alline directions were 420.5 W/mK for k11 and 3.5 W/mK for k22.
lso, thermal conductivity was measured for various measurement
irections (the angle between the crystalline directions of the spec-

mens and the probe beam).
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